Solving QED$_3$ with Conformal Bootstrap by Li, Zhijin
ar
X
iv
:1
81
2.
09
28
1v
1 
 [h
ep
-th
]  
21
 D
ec
 20
18
Solving QED3 with Conformal Bootstrap
Zhijin Li∗
Centro de F´ısica do Porto, Departamento de F´ısica e Astronomia,
Faculdade de Cieˆncias da Universidade do Porto,
Rua do Campo Alegre 687, 4169–007 Porto, Portugal
We study the conformal bootstrap for 3D Quantum Electrodynamic (QED3) coupled to Nf fla-
vors of two-component Dirac fermions Ψi. We bootstrap four point correlator of fermion bilinear
operator, which forms an adjoint representation of the flavor symmetry SU(Nf ). We obtain rigor-
ous upper bounds on the scaling dimensions of the parity even SU(Nf ) singlets, i.e., the fermion
quadrilinear operators. We find strong evidence that the IR fixed points of standard QED3 and
QED3-Gross-Neveu model saturate the bound with large Nf . The two kinks merge near Nf = 3
and disappear for Nf ≤ 2. The SU(Nf ) singlets related to these kinks are irrelevant. Our results
support the “merger and annihilation of fixed points” scenario. Besides, it provides a solution to
the long-standing problem of the critical flavor symmetry of QED3: Ncrit = 2. Our results shed
lights on several interesting problems, including high-temperature superconducting, Ne´el-Valence
Bond Solid quantum phase transition and the duality web of 3D theories.
I. INTRODUCTION
The three-dimensional Quantum Electrodynamics
(QED3) shows various kinds of interesting properties and
has drawn a lot of attentions in the past 30 years. In the
long distance limit QED3 becomes strongly coupled and
several profound phenomena like confinement and chi-
ral symmetry breaking that are rather intricate in 4D
could happen in this simple laboratory. The number of
two-component Dirac fermion flavors Nf is a crucial pa-
rameter in determining the infrared (IR) phase of QED3.
The pure U(1) gauge theory (Nf = 0) confines [1, 2]. For
very large Nf , the screening from fermionic fluctuations
plays a dominating role in the long distance limit and
QED3 stays in disordered massless phase with an inter-
acting stable IR fixed point [3]. For small Nf , the IR
dynamics of the theory is quite subtle. It is believed that
the mass of fermions that is parity invariant could be gen-
erated dynamically and trigger the spontaneously chiral
symmetry breaking [4, 5]1. Following the developments
in recent years, there is a promising picture for the QED3
phases: as Nf gets smaller one of the fermion quadrilin-
ear operators invariant under parity and SU(Nf) symme-
try becomes slightly irrelevant, which leads to an extra
fixed point QED∗3, i.e., QED3-Gross-Neveu (QED3-GN)
model [9, 10]. The two fixed points merge together at
Ncrit and for Nf < Ncrit the fixed points become com-
plex [6–10]. The fermion quadrilinear operator turns into
relevant and trigger RG flow to a new IR phase with sym-
metry breaking. If Nf just slightly below Ncrit, the RG
flow nearby the complex fixed points shows walking be-
havior [11, 12].
∗ lizhijin18@gmail.com
1 A chiral invariant but parity violating fermion mass could be
generated dynamically as well, however, it costs more energy
comparing with the parity invariant one so is less favored [5].
One of the most fundamental questions for QED3 is
the critical flavor number Ncrit which separates the chi-
ral symmetry breaking phase (N ≤ Ncrit) from the con-
formal phase (N > Ncrit). The value of Ncrit has been
estimated by a variety of approaches [7–9, 16, 17]. More
results on the estimation of Ncrit are summarized in the
Table 5 of [18]. The estimates are distributed in the range
from 1 to 10. Besides the predominately theoretical sig-
nificance, the exact value of Ncrit is also crucial for its
applications in condensed matter physics. For instance,
QED3 coupled with Nf = 4 (or 2 for four-components
Dirac fermions) has been applied to high-temperature
cuprate superconductors, see e.g. [19–21]. The super-
conducting phase in the cuprate compounds depends on
the value of the critical flavor number Ncrit in QED3.
QED3 with Nf = 2 also appears in the deconfined
quantum phase transition [22, 23] in a surprising way.
The effective theory of the phase transition is formulated
in terms of “deconfined” fractionalized degree of freedom
while on either side of the phase transition, there are only
conventional “confined” order parameters. It leads to
the discovery of a remarkable web of dualities in 3D [10,
13–15]. A paradigmatic example is the phase transition
between Ne´el and Valence Bond Solid (VBS) phases of
quantum antiferromagnets on the 2D square lattice. In
the continuum limit, the Ne´el-VBS phase transition is
described by the non-compact CP 1 (NCCP1) model with
O(2) × O(2) (easy plan model) or SO(3) × U(1) (fully
SU(2) spin symmetric model) global symmetry. The easy
plan NCCP1 model has a dual description in terms of
QED3 with SU(2) flavor symmetry, and this theory is
further conjectured to be self-dual which leads to O(4)
symmetry enhancement at the IR fixed point. Similarly,
the NCCP1 model with SU(2) flavor symmetry is dual to
the QED3-GN model, which is also expected to be self-
dual and its IR fixed point has enlarged SO(5) symmetry.
These dualities are part of the web of dualities in 3D, see
[47] for a review.
2The conceptual arguments for the symmetry enhance-
ments and dualities are mainly based on the kinemat-
ical properties of the theories, including the local op-
erators, global symmetries and the anomalies. A non-
perturbative approach is needed to capture the dynami-
cal information of the theories and determine if the phase
transition is second order or weakly first order. The easy-
plan and SU(2) symmetric models of the Ne´el-VBS tran-
sition have been extensively studied using lattice simula-
tions, e.g. [25–30]. Evidence for the symmetry enhance-
ment has been shown by comparing the anomalous di-
mensions of the Ne´el order parameter and the monopole
operator. Conformal bootstrap [31] can provide a consis-
tency check for the lattice data of the presumed second
order phase transition. The results are reviewed in the
[32] and it shows that in the scenario with O(4) or SO(5)
symmetry enhancement, the lattice data is not consistent
with a second order phase transition. For the SO(5) lat-
tice data with likely scale invariance, a promising expla-
nation is that the IR fixed point becomes complex, the
real nearby RG flow shows walking behavior [11, 12]. In
this case a critical flavor number Nf slightly above 2 is
favored.
In this work, we initiate the conformal bootstrap study
for QED3 with emphasis on the four point correlator of
the gauge invariant fermion bilinear operator. This oper-
ator sits in the adjoint representation of the flavor sym-
metry SU(Nf). As one of the simplest gauge invariant
operators in QED3, it is a natural candidate for bootstrap
study. Actually a primary study on the SU(N) adjoint
operators in various dimensions have been done in [43].
However, one cannot distinguish the QED3 fermion bilin-
ear operators from those of QCD3. In principle even the
SU(N) adjoint scalar bilinears from scalar QED3 are in-
distinguishable from the fermion bilinear operators in the
bootstrap setup. This problem can be resolved from the
CFT data with large Nf , for which both bootstrap and
perturbative results are available. In QED3, anomalous
dimensions of the fermion bilinear and quadrilinear op-
erators have been computed in terms of 1/Nf expansion
[6, 24, 44–46]. Therefore we can uniquely determine the
putative CFTs by comparing the CFT data with largeNf
expansions. An alternative bootstrap approach for QED3
is to study the correlators of monopole operators [33, 34].
The monopole operators appear in the theories with com-
pact U(1) gauge symmetry and construct various repre-
sentations of SU(Nf)×U(1)T , in which U(1)T is a topo-
logical global symmetry with current jµ = ǫµνρF
νρ.
We start from the non-Wilson-Fisher O(N) fixed point
that correspond to the phase transitions beyond Landau-
Ginzburg-Wilson paradigm. We find a family of sharp
kinks with large anomalous dimensions for N ≥ 7. The
presumed CFTs with O(4)/SO(5) symmetry are below
the conformal window. According to previous boot-
strap results [32], these kinks usually suggest full-fledged
CFTs. Surprisingly these kinks also show up in the
bounds obtained by bootstrapping four point correlator
of SU(N ′) adjoint operators. We show scaling dimen-
sions of the SU(Nf) adjoint operators related to these
kinks coincide with the large Nf predictions of QED3
(QED3-GN model). The critical flavor number Ncrit is
determined from the conformal bounds with small Nf .
II. PHASE TRANSITION BEYOND
LANDAU-GINZBURG-WILSON PARADIGM
The Ne´el-VBS phase transition in quantum antiferro-
magnets on the 2D square lattice provides a classical ex-
ample for the deconfined quantum critical point [22, 23].
The phase transition is “deconfined” in the sense that
its effective theory description is formulated in terms
of fractionalized spinon degrees of freedoms coupled to
a non-compact U(1) gauge field: the NCCP1 model.
While on either side of the transition, both the spinon
and the gauge field are confined [22, 23]. The Ne´el and
VBS phases break two distinct symmetries and a direct
Ne´el-VBS phase transition seems to be forbidden by the
Landau-Ginzburg-Wilson (LGW) paradigm. However,
the topological defect of the Ne´el (VBS) order parame-
ter carries non-trivial quantum numbers under the sym-
metries of VBS (Ne´el) phase, and the two phases with
distinct symmetries correspond to condensations of the
order parameter or topological defects. Therefore a direct
continuous phase transition is possible due to contribu-
tions of the topological defects.
A web of duality follows the effective theory descrip-
tions of this novel phase transition: the easy plan NCCP1
model is expected to be self-dual due to the particle-
vortex duality; from boson-fermion duality, the easy plan
NCCP1 model has an equivalent description in terms of
fermions, the QED3 with Nf = 2, which is also self-
dual due to the fermionic particle-vortex duality. Similar
duality relations hold for the SU(2) symmetric NCCP1
model, in which the fermionic dual theory is given by
Nf = 2 QED3 coupled to a critical real scalar field
through a Yukawa coupling [10]. Self-duality of the easy
plan (SU(2) symmetric) NCCP1 model suggests an O(4)
(SO(5)) symmetry enhancement at its IR fixed point.
If the phase transitions are of second order, then it re-
quires unitary CFTs with O(4) and SO(4) symmetries
which are significantly different from Wilson-Fisher fixed
points. In particular the O(4) and SO(5) vectors should
have large anomalous dimensions since part of their com-
ponents, the Ne´el order parameters are formulated from
confined spinons.
It is generically believed that the easy plan model does
not lead to second order phase transition. For the SU(2)
symmetric model, there is evidence on the SO(5) sym-
metry enhancement, however, the anomalous dimensions
estimated from these work does not consistent with the
bootstrap results, for a review, see [32]. A more promis-
ing explanation on current results is that this model gives
weakly first order phase transition.
3●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
0.6 0.8 1.0 1.2 1.4 1.6
1
2
3
4
5
6
ΔV
Δ
S
Upper bounds on O(N) singlets
FIG. 1. Upper bounds on the scaling dimension of the lowest
O(N) singlet in the OPE of the O(N) vector Φi×Φj . Curves
for N = 5, 6, 7, 8 are shown and the top curve gives the bound
with N = 8 (Λ = 21). The purple dotted line gives rough
estimates on the putative kinks for different Ns.
From bootstrap point of view, we may ask a more gen-
eral question on the non-Wilson-Fisher fixed point with
O(N) symmetry, regardless of its Lagrangian/lattice
model constructions. In FIG. 1 we present the bounds
on the scaling dimensions of the O(N) singlets. In the
region with small anomalous dimensions, we reproduce
the kinks corresponding to the Wilson-Fisher O(N) fixed
points that were firstly obtained in [38]. Surprisingly in
the regions with large anomalous dimensions, there are
sharp kinks appearing in the bounds with N ≥ 7. The
kinks become weaker for smaller N and totally disappear
for N ≤ 4 (not shown in the figure). Scaling dimensions
of the O(N) singlets near the kinks (N = 7, 8) are ir-
relevant. Bound on O(6) singlet is subtle. There is no
sharp kink and the O(6) singlet is marginally irrelevant
(Λ = 21)2 from continuation of the kinks with larger N .
The continuation also suggests the O(5) (or SO(5) 3) sin-
glet, if exists, is relevant. Irrelevance of O(N) singlet is
necessary in the symmetry enhancement scenario. For in-
stance in the SU(2) symmetric NCCP1 model, the SO(5)
singlet has to be irrelevant otherwise the presumed IR
fixed point is not stable under the perturbation of this
operator [10]. Thereby the relevance of O(5) singlet is
consistent with the smooth bound.
2 Λ is the number of maximum derivatives in the linear functional
applied on the crossing equation [49]. This parameter determines
the numerical precision of the CFT data obtained from bootstrap
program.
3 Actually without extra input on the symmetry-dependent fac-
tors, the bootstrap bounds on the CFT data with O(5) symme-
try is indistinguishable from those with SO(5) symmetry, this is
true for O(N) theories with N ≥ 5 [40].
III. QED3 FROM BOOTSTRAPPING SU(Nf )
ADJOINT OPERATOR
Above results suggest the presumed CFT from Ne´el-
VBS phase transition with O(4) or SO(5) symmetry en-
hancement is just slightly below the conformal window of
the putative family of CFTs. On the other hand, if the
kinks indeed relate to full-fledged CFTs, what are their
Lagrangian descriptions? We start from the large N be-
havior of the putative CFTs. Actually in the large N
limit, the anomalous dimension of the O(N) vector gets
close to 2 from below. This is reminiscent to the fermion
bilinear in 3D 4. However, the Dirac fermion bilinear
with two flavor indices constructs an adjoint represen-
tation of SU(Nf) instead of the O(N) vector represen-
tation. Here we have a crucial observation: the bounds
in FIG. 1 from O(N) conformal bootstrap is “almost”
5 numerically identical to the bounds on SU(N∗) sin-
glet obtained by bootstrapping SU(N∗) adjoint repre-
sentations given N∗ = N2 − 1! This is quite surprising
in consideration of the significant difference between the
tensor structures in the two crossing equations. Actually
such coincidence has been noticed between the singlet
bounds of SU(N) and SO(2N) [42]. In [43] the author
has already found the coincidence between the singlet
bounds of SU(N) and O(N2 − 1) singlets in the region
near Wilson-Fisher fixed point. In this work we find the
coincidence remains in the regions with another family
of kinks far beyond the Wilson-Fisher fixed points.
A. Large Nf behavior and QED3
Considering the large Nf behavior of these kinks, it
is natural to interpret these kinks in terms of SU(Nf )
adjoint fermion bilinears. Besides, the kinks reaches the
large Nf limit ∆Adj = 2 from below, therefore they are
not the fermion bilinears in Gross-Neveu (GN) model
[45, 46]. The remaining candidates are the 3D gauged
fermionic theories, for instances QED3 and QCD3. We
will show that the large Nf data fits with QED3 predic-
tions, in consequence the putative CFTs shown in the
adjoint SU(Nf) bootstrap results could be identified as
QED3 fixed points. So far as we know the IR phases of
QCD3 is not clear yet. Our results suggest that if the
QCD3 with certain flavor Nf admit IR fixed point, the
critical indices are either in the same universality classes,
or below the bounds of QED3 with the same flavor num-
ber Nf . It would be very interesting to check this con-
jecture independently.
4 Or alternatively, the boson bilinear
∑
i φiφi in the critical O(N)
vector model, however, this is an O(N) singlet so is not interested
here.
5 We have compared the bounds obtained by bootstrapping O(N)
vector and SU(N∗) adjoint operators with maximum derivative
Λ = 19, and do not find any difference at this level.
4In the large Nf limit, the QED3 and QED3-GN model
can be solved perturbatively. The Euclidean spacetime
Lagrangian for QED3-GN model in terms of the two-
component Dirac fermion Ψi is
L =
Nf∑
i=1
[Ψ¯i /DΨ
i + gΦΨ¯iΨ
i] +
1
4e2
FµνFµν + ..., (1)
where we have omitted the kinetic term and quartic in-
teraction of the critical boson Φ. Turning g = 0 we go
back to the standard fermionic QED3. The fundamen-
tal gauge invariant operators are the fermion bilinears
O0 = 1√
Nf
Ψ¯iΨ
i and O1 = Ψ¯iΨj − 1Nf δ
j
i Ψ¯kΨ
k, which
are parity odd and transform as SU(N) singlet and ad-
joint, respectively. In this work we focus on the SU(Nf)
adjoint operator only and its anomalous dimension has
been estimated using large N expansion in several work
[6, 24, 44–46]. For the standard QED3, the scaling di-
mension of O1 up to order 1/N2f is:
∆1 = 2− 64
3π2Nf
+
256(28− 3π2)
9π4Nf
2
. (2)
In QED3-GN model, above result acquires corrections
from the Yukawa coupling:
∆1 = 2− 16
π2Nf
+
64(100− 9π2)
9π4Nf
2
. (3)
In the OPE O1 × O1, the lowest dimension SU(Nf)
invariant operators with even parity are the fermion
quadrilinear operators. The fermion bilinear singlet O0 is
parity odd so cannot appear in this OPE. There are two
linearly independent fermion quadrilinears of this type:
(Ψ¯iΨ
i)2 and (Ψ¯jγµΨ
j)2, which are mixed with each other
through quantum loop corrections [6]. Similar opera-
tor mixture can be obtained between (Ψ¯iΨ
i)2 the kinetic
term of the U(1) gauge field FµνF
µν [24]. In QED3, the
scaling dimensions of these operators up to the order 1
Nf
are:
∆S,± = 4 +
64(2±√7)
3π2Nf
. (4)
According to our knowledge, there is no such result avail-
able for QED3-GN model. Result in (4) is expected to
be slightly modified for this model.
In FIG. 2 we show the bounds on the scaling dimen-
sions of SU(Nf) singlets with Nf = 15, 20. The bounds
have two adjacent kinks. Remarkably scaling dimensions
of the SU(Nf ) adjoint operators related to these kinks
are close to the scaling dimensions given in (2) and (3),
respectively. By increasing Λ the bound shrinks notably.
Nevertheless, scaling dimensions of the SU(Nf) adjoint
operators are quite stable, which is crucial otherwise we
have no evidence on the possible Lagrangian formula-
tions of these kinks. With Λ = 27, Nf = 15, the second
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FIG. 2. Upper bounds on the scaling dimensions of the lowest
SU(Nf ) singlets in the OPE of the SU(Nf ) adjoint operators
O1 × O1. In the upper panel the weaker bound relates to
Λ = 25 for Nf = 15. The bounds converge slowly as can be
seen from its notable variation with increasing Λ. Neverthe-
less, scaling dimension of the SU(Nf ) adjoint is quite stable,
which makes it possible to identify these kinks with QED3.
The large Nf predictions from standard QED3 and QED3-GN
model are marked by the red and purple lines, respectively.
kink locates at ∆Adj ∼ 1.896, which is quite close to the
large N estimate from QED3-GN model (3): ∆1 ≃ 1.892!
The first kink turns into less prominent with Λ = 27 and
it locates in the range ∆Adj ∈ (1.84, 1.86), which could
be well consistent with prediction from standard QED3
(2): ∆1 ≃ 1.854. Similar coincidences also appear for
Nf = 20, as shown in the lower panel of FIG. 2.
In contrast to the scaling dimension ∆1, the scaling di-
mension of the SU(Nf) singlet ∆S converges rather slow.
For the second kink with Nf = 15 which is more easier
to be identified from the bound, the scaling dimension
reduces from ∆S ∼ 11.8 at Λ = 21 to ∆S ∼ 10.2 at
Λ = 27. The extrapolation based on current data gives
∆S ∼ 4.7 at Λ =∞. This is apparently far from a solid
conclusion on the scaling dimension of the parity even
SU(Nf) singlet. The main point of this extrapolation is
that the large Λ limit of the bound on scaling dimension
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FIG. 3. An upper bound on the scaling dimension of the
lowest SU(4) singlet in the OPE of SU(4) adjoint operator
O1 × O1. Λ = 23 (25) for the weaker (stronger) bound. The
bound shows two adjacent kinks.
∆S is likely to be just in the range predicted from large
N estimates.
B. Evidence of two adjacent kinks with small Nf
We have shown evidence of two nearby kinks in the
bound of SU(Nf) singlets with large Nf , which are con-
sistent with the predictions from standard QED3 and
QED3-GN model. These two fixed points is conjectured
to be merged near the critical flavor symmetry Ncrit, be-
low which QED3 presumably runs into the IR phase with
chiral symmetry breaking. Here we check this picture
non-perturbatively using conformal bootstrap.
Bounds on the scaling dimensions of SU(Nf) singlet
with Nf = 4 are presented in FIG. 3. The bound shows
two adjacent while distinct kinks. The difference between
∆1s of the two kinks is rather small: δ∆1 ∼ 0.01 with
Λ = 25. In contrast, in the bound of Nf = 3 (the same
as the bound for O(8) in FIG. 1), only one significant
kink appears. It is possible that the two kinks still re-
main for Nf = 3 while are too close with each other to
be distinguished at the current numerical precision. The
kink totally disappears for Nf = 2 (not shown in the
graph). Above bootstrap results lead to the conclusion
that QED3 and QED3-GN model merge with each other
near Nf = 3 and the critical flavor number of the two-
component Dirac fermions is Ncrit = 2. The kinks relate
to irrelevant SU(f ) singlets. These results are comfort-
ably consistent with the scenario dubbed “merger and
annihilation of fixed points” in [9].
The critical flavor number of fermions in QED3 plays
an important role in several condensed matter physical
systems and it has been estimated in a variety of previ-
ous work. The IR fixed point of QED3 turns into unsta-
ble once a parity even and SU(Nf) invariant operator,
the fermion quadrilinear becomes relevant. In [8] it has
been shown from ǫ expansion that the fermion quadri-
linears remain irrelevant unless Nf ≤ 4, which suggests
Ncrit ≤ 4. While in [24], the authors noticed that from
the large Nf expansion at the order
1
Nf
(4), the parity-
even SU(Nf) singlets are irrelevant for any N > 1 which
suggests Ncrit = 1. These predictions are close while
slightly different from our result.
IV. CONCLUSIONS AND PROSPECTS
In this work we have presented strong evidence that the
QED3 IR fixed points saturate the bound on the scaling
dimension of SU(Nf) singlet. This suggests conformal
bootstrap can be used to solve QED3 IR fixed points,
as has been done for the 3D Ising model [39, 50, 51].
Sharp kinks appear in the bounds with Nf ≥ 3. In the
large Nf limit, the kinks coincides with the prediction
from standard QED3 and QED3-GN model on the scal-
ing dimension of SU(Nf) adjoint operator. The bound
on the scaling dimension of SU(Nf ) singlet converges
quite slow. However, its large Λ limit from extrapolation
is found to be in the range of fermion quadrilinear oper-
ator in QED3. For small Nf = 4, the bound shows two
adjacent kinks. The two kinks merge or get extremely
close with each other at Nf = 3. The kinks relate to
irrelevant SU(Nf) singlets. There is no similar kink for
Nf = 2. Evolution of these kinks supports the “merger
and annihilation of fixed points” scenario. The critical
flavor number of two-component Dirac fermion for QED3
is Nf = 2. This critical flavor number has significant con-
sequences in certain condensed matter systems.
There are several interesting problems can be studied
accordingly. We are particularly interested in the follow-
ing questions which we leave for future study:
a, Mixed correlator bootstrap of SU(Nf) singlet and
adjoint operators. The QED3 CFT data with high preci-
sion could be obtained from mixed correlator bootstrap,
which is of great importance for its applications in con-
densed matter systems. Besides, it would be very inter-
esting to isolate the two nearby CFTs from each other.
Since there is an extra critical boson in QED3-GN model,
this difference could be captured by bootstrapping the
mixed correlators with SU(Nf) singlet and adjoint oper-
ators. The mixed correlator bootstrap may also be help-
ful to solve the slow convergence problem for the scaling
dimensions of SU(Nf) singlets.
b, Supersymmetric generalizations of this work. Due
to supersymmetry, we expects there should be a lower
conformal window for the IR fixed point. The easy-
plan and SU(2) symmetric NCCP1 models with O(4) and
SO(5) symmetry enhancements are unfortunately below
the conformal window. With supersymmetry it is more
6promising to obtain unitary CFTs with similar symme-
try enhancement and duality web. Bootstrap provides a
non-perturbative approach to test these absorbing ideas.
c, Conformal window of 4D QCD. QED3 and QCD4
are the two major targets of the so-called “CFT genome
project” [52]. The QED3 IR fixed points show up in
the O(N) vector bootstrap as non-Wilson-Fisher fixed
point. Actually we have already obtained similar kinks
in 4D O(N) vector bootstrap with a higher conformal
window. And these kinks are expected to correspond-
ing to full-fledged CFTs. There is no 4D candidate for
interacting non-supersymmetric CFTs without gauge in-
teraction. Besides, it is well-known that the QED4 does
not admit IR fixed point. Therefore the natural candi-
dates for these kinks are the IR fixed points of QCD4,
the Banks-Zaks fixed points. The approach presented in
this work is expected to shed light on this mysterious
problem.
Acknowledgements. The author thanks Miguel
Costa, Zohar Komargodski, David Poland, Junchen
Rong, Slava Rychkov, Christopher Pope, Ning Su and
Cenke Xu for valuable discussions. The author is es-
pecially grateful to Christopher Pope for his consistent
support throughout the course of this work. The author
is greatly benefited from collaborations with Ning Su on
numerical conformal bootstrap. The author would like to
thank the organizers of the “Project Meeting: Analyti-
cal Approaches workshop at Azores and the Bootstrap
2018 workshop at Caltech, for their hospitality and sup-
port. This work was supported by the Simons Founda-
tion grant 488637 (Simons collaboration on the Nonper-
turbative bootstrap). Centro de F´ısica do Porto is par-
tially funded by the Foundation for Science and Technol-
ogy of Portugal (FCT). The computations in this work
were run on the Mac Lab cluster supported by the De-
partment of Physics and Astronomy, Texas A&M Uni-
versity.
[1] A. M. Polyakov, Phys. Lett. B 59, 82 (1975) [Phys. Lett.
59B, 82 (1975)]. doi:10.1016/0370-2693(75)90162-8
[2] A. M. Polyakov, Nucl. Phys. B 120, 429 (1977).
doi:10.1016/0550-3213(77)90086-4
[3] T. Appelquist, D. Nash and L. C. R. Wije-
wardhana, Phys. Rev. Lett. 60, 2575 (1988).
doi:10.1103/PhysRevLett.60.2575
[4] R. D. Pisarski, Phys. Rev. D 29, 2423 (1984).
doi:10.1103/PhysRevD.29.2423
[5] T. W. Appelquist, M. J. Bowick, D. Karabali and
L. C. R. Wijewardhana, Phys. Rev. D 33, 3704 (1986).
doi:10.1103/PhysRevD.33.3704
[6] C. Xu, “The Renormalization Group Studies on Four
Fermion Interaction Instabilities on Algebraic Spin Liq-
uids,” Phys. Rev. B.78 (Aug., 2008).054432, 0803.0794.
[arXiv:cond-mat/0803.0794].
[7] J. Braun, H. Gies, L. Janssen and D. Roscher,
Phys. Rev. D 90, no. 3, 036002 (2014)
doi:10.1103/PhysRevD.90.036002 [arXiv:1404.1362
[hep-ph]].
[8] L. Di Pietro, Z. Komargodski, I. Shamir and E. Sta-
mou, Phys. Rev. Lett. 116, no. 13, 131601 (2016)
doi:10.1103/PhysRevLett.116.131601 [arXiv:1508.06278
[hep-th]].
[9] S. Giombi, I. R. Klebanov and G. Tarnopolsky, J.
Phys. A 49, no. 13, 135403 (2016) doi:10.1088/1751-
8113/49/13/135403 [arXiv:1508.06354 [hep-th]].
[10] C. Wang, A. Nahum, M. A. Metlitski, C. Xu and
T. Senthil, Phys. Rev. X 7, no. 3, 031051 (2017)
doi:10.1103/PhysRevX.7.031051 [arXiv:1703.02426
[cond-mat.str-el]].
[11] V. Gorbenko, S. Rychkov and B. Zan, JHEP 1810, 108
(2018) doi:10.1007/JHEP10(2018)108 [arXiv:1807.11512
[hep-th]].
[12] V. Gorbenko, S. Rychkov and B. Zan, SciPost
Phys. 5, 050 (2018) doi:10.21468/SciPostPhys.5.5.050
[arXiv:1808.04380 [hep-th]].
[13] A. Karch and D. Tong, Phys. Rev. X 6, no.
3, 031043 (2016) doi:10.1103/PhysRevX.6.031043
[arXiv:1606.01893 [hep-th]].
[14] N. Seiberg, T. Senthil, C. Wang and E. Witten, An-
nals Phys. 374, 395 (2016) doi:10.1016/j.aop.2016.08.007
[arXiv:1606.01989 [hep-th]].
[15] F. Benini, P. S. Hsin and N. Seiberg, JHEP 1704, 135
(2017) doi:10.1007/JHEP04(2017)135 [arXiv:1702.07035
[cond-mat.str-el]].
[16] I. F. Herbut, Phys. Rev. D 94, no. 2, 025036 (2016)
doi:10.1103/PhysRevD.94.025036 [arXiv:1605.09482
[hep-th]].
[17] V. P. Gusynin and P. K. Pyatkovskiy, Phys. Rev. D 94,
no. 12, 125009 (2016) doi:10.1103/PhysRevD.94.125009
[arXiv:1607.08582 [hep-ph]].
[18] S. Gukov, Nucl. Phys. B 919, 583 (2017)
doi:10.1016/j.nuclphysb.2017.03.025 [arXiv:1608.06638
[hep-th]].
[19] W. Rantner and X. G. Wen, “Electron Spectral Func-
tion and Algebraic Spin Liquid for the Normal State of
Underdoped High Tc Superconductors,” Phys. Rev. Lett.
86 (2001), 3871.
[20] W. Rantner and X. G. Wen, “Spin correlations in the
algebraic spin liquid: Implications for high-Tc supercon-
ductors,” Phys. Rev. B 66, 144501 (2002).
[21] M. Hermele, T. Senthil, and M. P. A. Fisher, “Algebraic
spin liquid as the mother of many competing orders,”
Phys. Rev. B 72, 104404 (2005).
[22] T. Senthil, A. Vishwanath, L. Balents, S. Sachdev,
and M. P. A. Fisher, “Deconfined Quantum Crit-
ical Points,” Science 303 (Mar., 2004) 1490-1494,
[arXiv:cond-mat/0311326].
[23] T. Senthil, L. Balents, S. Sachdev, A. Vishwanath,
and M. P. A. Fisher, “Quantum criticality beyond the
Landau-Ginzburg-Wilson paradigm,” Phys. Rev. B 70,
144407 (2004), [arXiv:cond-mat/0312617].
[24] S. M. Chester and S. S. Pufu, JHEP 1608, 069 (2016)
7doi:10.1007/JHEP08(2016)069 [arXiv:1603.05582 [hep-
th]].
[25] A. Nahum, J. T. Chalker, P. Serna, M. Ortuo and
A. M. Somoza, Phys. Rev. X 5, no. 4, 041048 (2015)
doi:10.1103/PhysRevX.5.041048 [arXiv:1506.06798
[cond-mat.str-el]].
[26] A. Nahum, P. Serna, J. T. Chalker, M. Ortuo
and A. M. Somoza, Phys. Rev. Lett. 115, no.
26, 267203 (2015) doi:10.1103/PhysRevLett.115.267203
[arXiv:1508.06668 [cond-mat.str-el]].
[27] Y. Q. Qin, Y. Y. He, Y. Z. You, Z. Y. Lu, A. Sen,
A. W. Sandvik, C. Xu and Z. Y. Meng, Phys. Rev. X
7, no. 3, 031052 (2017) doi:10.1103/PhysRevX.7.031052
[arXiv:1705.10670 [cond-mat.str-el]].
[28] G. J. Sreejith, S. Powell and A. Nahum, arXiv:1803.11218
[cond-mat.stat-mech].
[29] P. Serna and A. Nahum, arXiv:1805.03759 [cond-mat.str-
el].
[30] X. Y. Xu, Y. Qi, L. Zhang, F. F. Assaad, C. Xu and
Z. Y. Meng, arXiv:1807.07574 [cond-mat.str-el].
[31] R. Rattazzi, V. S. Rychkov, E. Tonni and A. Vichi, JHEP
0812, 031 (2008) doi:10.1088/1126-6708/2008/12/031
[arXiv:0807.0004 [hep-th]].
[32] D. Poland, S. Rychkov and A. Vichi, arXiv:1805.04405
[hep-th].
[33] S. M. Chester and S. S. Pufu, JHEP 1608, 019 (2016)
doi:10.1007/JHEP08(2016)019 [arXiv:1601.03476 [hep-
th]].
[34] S. M. Chester, L. V. Iliesiu, M. Mezei and S. S. Pufu,
JHEP 1805, 157 (2018) doi:10.1007/JHEP05(2018)157
[arXiv:1710.00654 [hep-th]].
[35] Y. Nakayama, Int. J. Mod. Phys. A 33, no.
07, 1850036 (2018) doi:10.1142/S0217751X18500367
[arXiv:1705.02744 [hep-th]].
[36] A. Tanaka and X. Hu, Phys. Rev. Lett. 95, 036402
(2005), [arXiv: 0501365 [cond-mat.str-el]].
[37] T. Senthil, Matthew. Fisher, 10.1103/Phys-
RevB.74.064405 (2005), [arXiv: 0510459 [cond-mat.str-
el]].
[38] F. Kos, D. Poland and D. Simmons-Duffin, JHEP
1406, 091 (2014) doi:10.1007/JHEP06(2014)091
[arXiv:1307.6856 [hep-th]].
[39] F. Kos, D. Poland and D. Simmons-Duffin, JHEP
1411, 109 (2014) doi:10.1007/JHEP11(2014)109
[arXiv:1406.4858 [hep-th]].
[40] F. Kos, D. Poland, D. Simmons-Duffin and A. Vichi,
JHEP 1511, 106 (2015) doi:10.1007/JHEP11(2015)106
[arXiv:1504.07997 [hep-th]].
[41] Z. Li and N. Su, arXiv:1706.06960 [hep-th].
[42] D. Poland, D. Simmons-Duffin and A. Vichi, JHEP
1205, 110 (2012) doi:10.1007/JHEP05(2012)110
[arXiv:1109.5176 [hep-th]].
[43] Y. Nakayama, Int. J. Mod. Phys. A 33, no.
07, 1850036 (2018) doi:10.1142/S0217751X18500367
[arXiv:1705.02744 [hep-th]].
[44] J. A. Gracey, Phys. Lett. B 317, 415 (1993)
doi:10.1016/0370-2693(93)91017-H [hep-th/9309092].
[45] J. A. Gracey, Phys. Rev. D 98, no. 8, 085012 (2018)
doi:10.1103/PhysRevD.98.085012 [arXiv:1808.07697
[hep-th]].
[46] R. Boyack, A. Rayyan and J. Maciejko, arXiv:1812.02720
[cond-mat.str-el].
[47] T. Senthil, D. Son, C. Wang, C. Xu, “Duality between
(2+1)d Quantum Critical Points”, arXiv:1810.05174
[cond-mat.str-el].
[48] S. Benvenuti and H. Khachatryan, arXiv:1812.01544
[hep-th].
[49] D. Simmons-Duffin, JHEP 1506, 174 (2015)
doi:10.1007/JHEP06(2015)174 [arXiv:1502.02033 [hep-
th]].
[50] S. El-Showk, M. F. Paulos, D. Poland, S. Rychkov,
D. Simmons-Duffin and A. Vichi, Phys. Rev. D
86, 025022 (2012) doi:10.1103/PhysRevD.86.025022
[arXiv:1203.6064 [hep-th]].
[51] S. El-Showk, M. F. Paulos, D. Poland, S. Rychkov,
D. Simmons-Duffin and A. Vichi, J. Stat. Phys. 157, 869
(2014) doi:10.1007/s10955-014-1042-7 [arXiv:1403.4545
[hep-th]].
[52] http://bootstrapcollaboration.com/projects/.
